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We consider bilayer quantum Hall systems at total filling factor u = 1 in presence of a bias 
voltage A„ which leads to different filling factors in each layer. We use auxiliary field functional 
I integral approach to study mean-field solutions and collective excitations around them. We find 

that at large layer separation, the collective excitations soften at a finite wave vector leading to the 
collapse of quasiparticle gap. Our calculations predict that as the bias voltage is increased, bilayer 
, systems undergo a phase transition from a compressible state to a ;/ = 1 phase-coherent state with 

■ charge imbalance. We present simple analytical expressions for bias-dependent renormalized charge 

' imbalance and pseudospin stiffness which are sensitive to the softening of collective modes. 
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I. INTRODUCTION 

i-^ , Bilayer quantum Hall systems consist of a pair of two-dimensional (2D) electron gases separated by a distance d 
^ ' which is comparable to the inter-particle spacing within each layer. In a strong magnetic field perpendicular to the 
D J layers, the kinetic energy of electrons is quantized and the macroscopic degeneracy of Landau levels accommodates all 
^ • electrons in the lowest Landau level, thereby enhancing the role of interactions in determining the physical properties 
I ; [ of the system. Bilayer systems at total filling factor v = 1 in the absence of bias voltage have broken symmetry ground 
1 states that can be regarded as eithec-,easy-plane ferromagnets or as exitonic superfluids, and have been intensively 
investigated over the past decade.ETO At zero temperature the Zeeman coupling of electron spins with the strong 
magnetic field polarizes all spins along the field. Therefore, the only dynamical degrees of freedom are the orbit 
centers within a Landau level and the discrete layer index which we describe using a pseudospin label with "up" 
denoting a state localized in the top layer and "down" denoting a state localized in the bottom layer. As the layer 
^ ■ separation d is increased, balanced bilayer systems undergo a quantum phase transition from a phase-coherent i/ = 1 
quantum Hall state (where each layer has a filling factor = 1/2) to a disQr|dgijed compressible state at a critical 
layer separation dcr which increases with interlayer tunneling amplitude At.cljj'Ho The v ~ 1 quantum Hall effect 
observed for d < dcr is due solely to strong interlayer correlations, since each layer has a filling factor ly — 1/2, a 
\^ , compressible-state fraction for an isolated layer. When the bias-voltage is zero, the mean-field many-body ground 

■ state has all electrons occupying symmetric bilayer Landau level states, or equivalently all pseudospins pointing along 
. the positive x-axis. At finite d, because of the difference between the intralayer Coulomb interaction V)i(g) = 2TTe^/eq 

■ and interlayer Coulomb interaction VE{q) = VA{q)e~'^'^, the pseudospin polarization rux does not commute with the 
' interaction. Therefore the fully polarized mean-field state is not an cigcnstatc of the Hamiltonian and in particular, 

\^ it is not the exact ground state. 

' In this paper we study a bilayer system at total filling factor v — 1 in the presence of a bias voltage Ay. In 
. this case the two layers have different filling factors, i^t (top) and vb (bottom) respectively, and the dimensionless 
' charge-imbalance = (j/y — i^b) is proportional to the applied bias voltage. The system takes advantage of the 
^ interlayer Coulomb exchange interaction by spontaneously generating a local alignment of pseudospins which leads 
'"^ to interlayer phase coherence. As a first approximation, we use the Hartree-Fock approximation to obtain the mean- 
^ field quasiparticles, and to estimate the charge imbalance and the pseudospin polarization nix- We study the 
O stability of Hartree-Fock solutions by considering the spectrum of collective excitations around them. The collective 
excitations in these systems are properly described only when fiuctuations in both exchange and direct particle-hole 
channels are jiHciiidedD and the auxiliary field functional integral approach which we use here naturally takes these 
into account .tll'ta We find that increasing bias- voltage stiffens collective excitations at finite wave- vector and reduces 
the importance of quantum fluctuations. We use the functional integral approach to evaluate the ground state energy 
• and its dependence on external fields, which, in turn, allow us to obtain simple results for the bias-dependence of the 
renormalized charge- imbalance m^, the anisotropy mass /3 (or equivalently the interlayer capacitance f3~^) and the 
pseudospin stiffness ps. j—. 

The effect of bias- voltage on interlayer phase-coherence has been studied previously by L. Brey et alS3 Our results, 
to the extent that the papers overlap, are in accord with the earlier work. Here we solve the mean-field equations 
analytically, and are able to use the analytic expressions for collective mode energies to develop a theory of quan- 
tum fluctuations in the mean-fleld ground state. In addition, we emphasize the experimental implications of the 
compressible-to-incompressible state phase-transition induced by applying a bias voltage. 
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Ours is a weak coupling theory which associates the transition beiween phase coherent and incoherent states with an 
instabihty to a quantum-disordered pseudospin density wave state.u The predictions we make here for the bias voltage 
dependence of coherent state properties follow directly and in a physically transparent way from the weak coupling 
theor y of coherent state properties. Since other pictures exist, in particular for the nature of the large-layer-separation 
state,ll3'll3 comparison of our predictions with experiment should prove valuable. 

The paper is organized as follows. Section || presents the Hartree-Fock analysis and the calculation of the spectrum 
of collective excitations using the functional integral approach. In Sec. Ill we present the principle result of this paper, 
namely the phase-diagram of a bilayer system in the parameter space (d, A„), and discuss its experimental implications. 
In Sec. IV we present simple analytical results for parameters of the effective field theory Hamiltonian which describes 
the phase-coherent, charge-unbalanced bilayer system. We show that these parameters are substantially renormalized 
from their mean-field values as the phase boundary between the compressible and the incompressible regions is 
approached. We conclude with a brief discussion in Sec. 0. 



II. MEAN-FIELD THEORY AND COLLECTIVE EXCITATIONS 

Let us consider a double-layer system at total filling factor v — I with interlayer tunneling At and bias voltage A„ . 
In the strong- field limit, the Hamiltonian in second-quantized form is 



At t , t 



(2.1) 
(2.2) 



where a =T= ~c is denotes the state localized in the top layer, the ki are y-components of the canonical momenta 
which are good quantum numbers of the single-particle Hamiltonian in the Landau gauge A — (0, i?a;,0), and 
Vb,x — (Va±Ve)/2 are linear combinations of intralayer and interlayer Coulomb interactions. The constraint Vo(0) = 
reflects overall charge neutrality, whereas 14(0) = ne^d/e indicates the capacitive energy cost associated with uniform 
charge imbalance. In the absence of bias-voltage,|iit is known that the splitting between the symmetric and the 



(2.3) 
(2.4) 



antisymmetric state energies is exchange-enhanced,&EI As as — At + Agb, where (A = 0,x,A,E) 

A,6 = r£(0), 



and / is the magnetic length. The Fa (q) are effective exchange interactions between an electron and a holeli separated 
by distance ql^. Since the particle- hole pair momentum is a good quantum number in the lowest Landau level, the 
density matrix can be expressed in terms of charge and pseudospin density operators 



cri 'cricr2'^fc2a-2 



(2.5) 



where are the Pauli matrices in the pseudospin space, and |0A;) are the single-particle orbital eigenstates in the 
lowest Landau level (n — 0). In the Hartree-Fock approximation, the bilayer single-particle Hamiltonian, when 
expressed in terms of charge and pseudospin density operators, becomes 



H 



HF 



A 



i^J] [(2^;§ -F^;) {m^p)m%+ {2vl-T\) {mi)m%~+ 
p 

is!' 



(2.6) 



where 2iTpv\{q) ~ V\{q)e 



-q^l^/2 



are the Coulomb interactions projected onto the lowest Landau level. 
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In the mean-field approximation, the competition between single-particle terms and interaction contributions de- 
termines whether or not the system behaves as an easy-plane ferromagnet. Among single-particle terms interlayer 
tunneling amplitude Aj favors all pseudospins pointing along the positive x-axis whereas the bias-voltage A„ tends 
to align pseudospins along the positive z-axis leading to a charge-imbalance between the layers. Among the interac- 
tion contributions, the capacitive energy cost forces the pseudospins to lie in the x-y plane whereas the exchange 
energy cost Te mandates their local alignment. The Hartree-Fock solution is a compromise between these compet- 
ing tendencies and as a result the pseudospins lie in the x-z plane. We consider uniform Hartree-Fock eigenstates 
parametrized by a single variational parameter, the polar angle 9 in the x-z plane in pseudospin space, corresponding 
to mean-field polarization (7712,(0}) = SqosmO, {mz{q)) = SqQC0s9 and {my{q)) = 0. In the basis of these eigenstates 



the Hartree-Fock Hamiltonian (2.6) is diagonal in intra-Landau level index and its structure in pseudospin-space is 
given by 

HHF = -h.{0)-T' -h,{0)-T'', (2.7) 
[9) = i (A, cos 9 + At sin 9) + - ^ cos^ 9, (2.8) 

K{9) = i (A^, sin 61 - Atcos6i) ~^cos9s\n9. (2.9) 

Here we have defined layer-separation dependent interaction contribution to the bias-voltage0 — JS.yc{d) cos 9 = 
—2 [vx{0) — Tx{0)] cos 9. The variational parameter 9 is determined by the requirement that the mean-field Hamilto- 
nian Hhf is diagonal i. e. that the total effective pseudospin field has the same orientation as the pseudospinors. 

Let us first concentrate on the case with zero interlayer tunneling amplitude. At = 0. In this case, the mean-field 
Hamiltonian is U(l)-invariant in the x-y plane in the pseudospin space. The mean-field equation hx{9) — has two 
solutions: 9v = and cos0^ = A„/At,c- For small bias voltages, A^, < A^c, the charge-unbalanced solution which 
spontaneously breaks the U(l) symmetry in the x-y plane, cos9y ~ A^/A^c, is stable. The mean-field eigenstates are 

|0„,+)^cos^|T)+sin^U), (2.10) 

l^.,-)-sin^|T)-cos^U), (2.11) 

and the mean-field quasiparticle-ea» is Aqp = r£;(0) = Ast- Note that surprisingly, the quasiparticle gap is inde- 
pendent of the bias- voltage A^Jij'Ell For < A^c mean-field theory predicts that the charge- imbalance increases 
linearly with the applied bias-voltage, — cos9y = Ay/ Aye, and that the x-y component of the pseudospin polar- 
ization nix — sin 9y = \/l — A^/A^^ decreases with the bias- voltage. The second solution of the mean-field equation 
hx{0) = 0, given by 9y = 0, is the stable solution for large bias- voltages A„ > A^c- In this case the layer-index is a 
good quantum number for the mean-field quasiparticles and the U(l) symmetry in the x-y plane in pseudospin-space 
is unbroken. The mean-field eigenstates are single-particle states localized in the top and the bottom layer and the 
quasiparticle gap is given by 

Aqp = [TEiO] + Ay - Ay,] > Asb. (2.12) 



The quasiparticle gap ( 2.12| ) represents a competition between the interlayer exchange-energy associated with interlayer 



phase-coherence, rE(0), and the capacitive energy (A„ — A„c) associated wiiJruthe charge-imbalance. In this mean-field 
state (9 = 0), all electrons occupy one layer, and the other layer is emptyJij'EJ 

It is straightforward to extend this analysis to a system with nonzero tunneling amplitude Aj which explicitly breaks 
the U(l) symmetry in the pseudospin space. Because of the presence of two single-particle terms, the pseudospin 
always lies in the x-z plane, but never entirely along the x-axis or the z-axis. In this case the solution to the equation 
hx {9) = is obtained numerically. Figure ^ shows the mean-field charge- imbalance mz and quasiparticle gap Aqp as 
a function of tunneling amplitude At for various values of bias-voltage. At At = 0, we find that charge-imbalance is 
less than unity for A^, < Ay, and the corresponding quasiparticle gaps are independent of the bias-voltage. As the 
tunneling amplitude increases we see that the charge-imbalance monotonically decreases and the quasiparticle gap 
Aqp increasesO 

Now we consider collective excitations around the Hartree-Fock mean-field solution. Since the mean-field state is 
pseudospin polarized, collective excitations are modulations of the pseudospin field away from the mean-field configu- 
ration, i. e. pseudospin- waves. In bilayer systems, because of the difference between the interlayer and the intralayer 
Coulomb interactions, it is necessary to-take into account fiuctuations in direct and exchange channels to determine 
the spectrum of collectijve|-excitations.0 This spectrum is obtained most easily by using the auxiliary field func- 
tional integral approach.tZHlS In this approach we consider quadratic fluctuations of the order-parameter field around 
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the Hartree-Fock state. The collective mode energies are obtained from zeros of the determinant of the quadratic 
fluctuation matrix. We can obtain the same results from the inverse generalized-random-phase-approximation suscep- 
tibilitya, or by considering quadratic expansion of the Hartree-Fock energy functional around the mean-field solution 
m{q) — (5go(sin 0, cos^t,), quantizing the fluctuations using bosonic (nsepdospin-wave) creation and annihilation 
operators and diagonalizing the resulting pseudospin-wave HamiltorLia.n.EHrE3 The quadratic fluctuation matrix, or 
equivalently the inverse of the collective-mode propagator, is given bylla 

M(g, in) = [1 + V^iqjDiiVL)] (2.13) 

where {af3\V^\"f5) = {al3\V\"f5) — {al3\V\5^) = [V — V^^) is the antisymmetrized microscopic interaction, D is the 
Hartree-Fock susceptibility matrix and we have suppressed the pseudospin pair-labels. When represented in the basis 
of mean-field eigenstates \0y, ±), the fluctuation matrix becomes 



[l + V^{q)D{in,,)\ = 



1 + {A- Te) ■ iO,.+A,p ~^ ■ Jf2„-A„ 

^ ■ if2„+A„„ I - {A- Te) ■ 



(2.14) 



where A{q,9v) — [vxiq) ~ Tx{q)]sm'^ 6y. In diagrammatic language the exchange contributions, TE{q) and 
Fx io) si^^ 1 arise from sumraiiig the particle- hole ladders whereas the Hartree contribution Vx {q) sin^ 9y arises from 
the particle-hole bubble sum.ta Notice that the term A{q,9v) involves only the anisotropic part of the Coulomb in- 
teraction. We obtain the following simple expression for the dispersion of pseudospin- waves, if2„ = Esyj{q,9v), from 
the zeros of the fluctuation matrix 

E^^M,e,)^agJq)-beM. (2.15) 
ag^Xq) = ^qp - ^E{q) + 2A{q,e,), (2.16) 
6e„(g) = A,p-FB(q). (2.17) 



The two energy terms in Eq.(2.15) have simple interpretations. The first term, ag^ (q), is the energy cost associated with 
charge-imbalance fluc tuati ons. The second term, bg^{q), denotes the energy cost associated with uhase- fluctuations 
in the x-y plane. Eq.(2.15) reproduces the pseudospin-wave dispersion for the phase-coherent stateBB when the bias- 



voltage is zero or, equivalently, when 9y = 7r/2. For zero interlayer tunneling and small bias- voltages, the quasiparticle 
gap is Agp = F£;(0). Then it is easy to see that the cost for uniform phase-fluctuations is zero, bg^{q) — 0, consistent 
with Goldstone's theorem. On the other hand, for > Aye the mean-field solution does not break the U(l) symmetry 
{9y = 0) and the pseudospin-wave dispersion simplifies to Esw {q) = Aqp — F^; (q) . 

Figure H shows typical dispersions for the various cases discussed above. When Af = (left figure), for A^ < Aye, 
the mean-field state breaks the symmetry in the x-y plane spontaneously and the resulting pseudospin-waves are 
gapless and linearly dispersing at long wavelengths. At A„ = Aye the Gaussian fluctuation Hamiltonian is isotropic in 
pseudospin-space. Therefore the collective excitations are gapless, but have a quadratic dispersion. In contrast, when 
A„ > Aye the mean-field solution does not break the U(l) symmetry in the plane and consequently the pseudospin 
waves are gapped at zero wave-vector. When the interlayer tunneling is nonzero (right figure) we see that the 
pseudospin waves are always gapped at zero wave-vector. In all cases, the non-monotonic behavior of the dispersion 
near ql k, \ arises because of the competing energy costs from Hartree and exchange fluctuations in the term ag^(q). 
We emphasize that since the functional integral approach expresses the properties of collective excitations only in 
terms of the mean-field quasiparticle gaps Aqp and the microscopic interaction V, it is possible to obtain simple 
analytical expressions for collective-mode spectra in different cases with relative ease. 

III. PHASE TRANSITION IN BIASED BILAYER SYSTEMS 

In this section we will explore the phase-diagram of a bilayer system in the (d, A„) plane as a function of interlayer 
tunneling. In the preceding section we considered uniform mean-field solutions and collective excitations around them 
for a bilayer system in the p resen ce of interlayer tunneling and bias- voltage. The dispersion of pseudospin-waves in the 
phase-coherent regime, Eq.( 2.16| ), implies that for a given set of parameters (At, Ay) the energy cost associated with 



charge-imbalance fiuctuations, ag^{q), vanishes near fti 1 at critical layer separation (icr(At, A„). This softening of 
the collective mode at finite wave-vector indicates the propensity toward the formation of pseudospin-density waves 
with wave- vector « 1, leading, in this theory, to the collapse of the quasiparticle gap and the disappearance of the 
u = 1 quantum Hall effect. We use the softening of pseudospin- waves-as. the criterion to determine the phase-boundary 
between = 1 quantum Hall regime and the compressible regime.EiE2l In the Hartree-Fock approximation the state 
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on the large d side of this transition i£3 a charge density wave state, which we beheve is quantum melted yielding a 
compressible state. 

Figure ^ shows the phase-boundary in the {d, Ay) plane which separates the v — 1 quantum Hall state from the 
compressible state for various values of interlayer tunneling amplitude. We see that the phase diagrams are qualita- 
tively similar for different tunneling amplitudes. This phase-diagram predicts that starting from a compressible state, 
a hilayer system at total filling factor v = 1 will develop (spontaneous) interlayer phase- coherence and consequently 
show the V — 1 quantum Hall effect when an appropriate bias-voltage is applied. This is the first principle conclusion 
of this work and resiilts,fcam the property that pseudospin-waves around the v = 1 quantum Hall state are stiffened 
by the bias-voltage.u'O'EJ The emergence of the v = 1 quantum Hall plateau had been predicted by Brey et a/.Ej 
when the applied bias-voltage exceeds the critical bias-voltage, > At,c, and all charge is in one layer. On the other 
hand, our calculations predict the emergence of the v — 1 plateau for A^, < A^,c. This entire phase-diagramriiAS-Jiot 
yet been explored experimentally; in fact most experiments have been confined to zero bias-voltage, A^ = OfloEJ In 
this limit tha-|2/-intercepts of phase-boundaries for va,rious tunneling amplitudes reproduce the phase-diagram in the 
(d, At) planeS which had been obtained previously.0 It is worthwhile to point out that we consider bilayer systems 
with finite electrical potential difference A^,, but with zero electrochemical potential difference, which results in a 
finite charge-imbalance and zero interlayer current in an equilibrium situation. The experimental investigation of 
the bias-voltage driven phase-transition we predict is feasible and would partially confirm that the weak coupling 
description of the coherent state is the correct description. 



IV. RENORMALIZATION OF EFFECTIVE FIELD THEORY PARAMETERS 



In the quantum Hall regime, the low energy dynamics of the charge-unbalanced and phase-coherent state is de- 
scribed an effective pseudospin field theory in which the Hamiltonian is parametrized by an anisotropy mass /3 which 
represents the cost of uniform charge-imbalance fluctuations, and pseudospin stiffness ps which expresses the energy 
cost asso ci ated with phase-fluctuations JJ'EI These parameters should be evaluated from the microscopic Hamiltonian, 
Eqs.(^]l]), (2.2). In this section we will calculate the low-energy parameters by using approximations for the ground 
state energy which take into account the effect of collective excitations around the Hartree-Fock mean- field state, i.e. 
using the generalized random phase approximation (GRPA). nrn 

We first briefly recall the general expressions for the GRPA energy around a Hartree-Fock mean-ficld.ll3't3 For an 
interacting system with a kinetic term Kp and a two-body interaction V , the mean-field approximation for the ground 
state energy is given by 



Eqp 



Y.^'^'^ + lY.^hh'hh' (4.1) 
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where the labels h, h' stand for the occupied (hole) states. Thus Eqp is just the expectation value of the microscopic 
Hamiltonian in the Hartree-Fock mean-field ground state. The correlation energy contribution E,. which takes into 
account the effects of collective excitations around the Hartree-Fock mean-field state is given by 

Ec^\Y.^'^-\T.^^v-^^)-\11 Kvn- (4-2) 

aj,y>0 p,h p.h 

Here ui^ are the energies of collective modes around the Hartree-Fock mean-field, Ca denote the energies of the Hartree- 
Fock quasiparticles, and p, h stand for the unoccupied (particle) and occupied (hole) states, respectively. We obtain 
renormalized (mean-field) parameters by using the approximatioft.E'G = Eqp Ec (Eg = Eqp). For bilayer systems 
since the particle-hole pair momentum is a good ouantum numbcrcj it is straightforward to obtain explicit expressions 
for the mean-field and correlation contributions.ll3 

We calculate the dimensionless charge-imbalance by evaluating the bias-dependence of the ground state energy 

m.(A„) = - — (4.3) 

The anisotropy mass is obtained from the bias-dependence of charge-imbalance, f3~^ = SirPdniz/ dAy . For simplicity, 
we consider a system with zero interlayer tunneling amplitude. In the phase-coherent state Eq. (|4.lD for the ground 
state energy gives 
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We recover the mean-field result for the c har ge-imbalance m^^ = At,/A„ 
by using this mean- field approximation (4^) for the ground state energy, 
to the pseudospin-waves is given by 



1 



A2 



d the anisotropy mass, Phf = A^jc/SttZ^ 
The correlation energy contribution due 



r.(o) 



(4.5) 



Using explicit expressions for the collective-mode dispersion ( ^.15 ) we get the following simple analytical expression 
for the renormalized charge-imbalance 



niz 



2m 



HF 



2^f 
A 



E 



9a„ 



2Esn,{p) aA„ 



(4.6) 



Eq.(4.6) is the second main result of this work. The correlation term in Eq.( |4.6| ) gives a large negative contribution, 
which leads to a strong suppression of charge-imbalance near the phase-boundary dcr- The correlation energy is 
larger in magnitude at small and therefore favors smaller values of . It is easy to obtain an explicit expression for 
renormalized anisotr opy mass from Eq.(4.6), though it is not particularly illuminating. We note that the correlation 
energy contribution (4.5) diverges because of the long range of Coulomb interaction, but the renormalized observables 
are finite and well-defined. 

Figure ^ compares our results for the A^ dependence of the mean- field and renormalized charge-imbalance . For 
A„ > Ai,c, the mean-field solution does not break the U(l) symmetry in the x-y plane in pseudospin-space. Therefore, 
for A„ > A„c collective excitations do not renormalize the mean-field result, ruz = 1. We see that for At, < At,c, 
as the layer separation d increases the charge-imbalance is strongly renormalized because of the imminent softening 
of pseudospin-waves. Thus the renormalized charge-imbalance (4.6) reflects the softening of the pseudospin-waves at 
finite wave vector. It is clear from Fig. |^ that fluctuations enhance the anisotropy mass [3 or equivalently reduce the 
interlayer capacitance, Sirl'^dmz/dAy, at small bias- voltages, whereas at large bias voltages, the interlayer capacitance 
is increased by collective fluctuations. Thus our analysis predicts that at near critical layer separation, the interlayer 
capacitance - an experimentally measurable quantity - will be strongly renormalized from its mean-field value. 

Now we turn to the calculation of bias-dependent pseudospin stiffness ps{Ay). In the absence of external tunneling 
the Hartree-Fock equations support spiral-state solutions with pairing wave vector Q = Qx where the mean-field 
polarization varies linearly with in-plane coordinate, m — (cos Qx sin 9v , sin Qx sin 9v , cos 9v ) ■ The pseudospin stiffness 
is obtained from the dependence of the ground state energy Eg{Av, Q) on the spiral wave vector 



For spiral states in the presence of a bias-voltage, the mean-field eigenstates are given by 



(4.7) 



cos^|t)+sin:je^'?'=ni), 



-,fc,0„)=sin||T)-cos|e'«'='^U), 



(4.8) 
(4.9) 



where cos9y = Ay/A'^^ determines the angle 9^ and A^^{d) = \^Vx{Q) —Ya{^) + ^e{Q)\ denotes the interaction 
contribution to the interlayer potential difference. The quasiparticle gap in the phase-coherent state is Aqp — Aq = 
^e{Q)- Using the functional integral approach it is straightforward to obtain the dispersion of pseudospin-waves, 



EL{q, Q, dv) = a{q, Q, 9y) ■ big, Q, 9,). 
Here the cost of charge-imbalance fluctuations is given by 

a(q, Q, 9y) - Aq + [2v'^{q) - r^(q)] sin^ 6, - ^^(q - Qx) - V E{q + Qx)] 



(4.10) 



cos^ 9v 



[TE{q-Qx)+VE{q + Qx) 



(4.11) 



with 2nPv^{q) — e « ' [Va(<7) — VE{q) cosQqyP^ /2. On the other hand the energy cost of phase-fluctuations is 



b{q, Q, 9^) = Aq - - [(1 + cos6i„)r£;(g - Qx) + (1 - cos9y)TE{q + Qx)] 



(4.12) 
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The qualitative behavior of the dispersion ( 4.1C| ) is similar to the dispersion of pseudospin- waves in a uniform phase- 
coherent state (Fig. ||); the collective excitations are linearly disp ersing at lo ng wavelength and have a local minimum 
near w 1 for large layer-separations. It is clear from Eqs.(4.12) and ( 1.1C| ) that the cost of global phase rotation in 
the x-y plane in pseudospin-space is zero and that the collective mode has vanishing energy at long wavelength. We 
emphasize that the anisotropic nature of the dispersion is related to the choice of the pairing wave vector Q = Qx, 
and the non-monotonic behavior of the dispersion is a result of competing Hartr ee an d exchange contributions in 
Eq.(4.11). The pseudospin-wave dispersion ( |4.10| ) reproduccs-the earlier result, Eq.(2.15), when Q = and the results 
for supercurrent dispersion in the absence of bias voltage.Hcj 

In the present case, the mean-field ground state energy contribution is 



E, 



qp 
A 



A 



Aq 
2 



rA(o) 



(4.13) 



and the mean-field bias-dependent pseudospin stiffnessEEEl is given by ps{/S.y) = phf sm? 9^ = Phf{^ — A^/A^^) 
where we have used the fact that d^Aq/dQ^ = —SnPpHF- The correlation contribution to the ground state energy 
is 



1 



A2 



Aq 
2 



(4.14) 



We obtain renormalized pseudospin stiffness from the approximate ground state energy which includes the effects of 
collective quantum fluctuations, Eq = Egp + Ec, 



d^Es 



+ SirfpHF 



A2 

- 2pHF^. 



(4.15) 



This remarkably simple expression for renormalized stiffness is the third major result of this work. Figure ^ shows 
the bias-dependent mean-field (solid) and renormalized (dotted) stiffness as a function of charge-imbalance for various 
layer separations. At smallJayer separations d/l < 1 the stiffness is not strongly renormalized although it is enhanced 
by collective fluctuations.lia However, when d > I, the pseudospin stiffness is substantially renormalized from its 
mean-field valueJlj We see that the difference between the mean-field and the renormalized stiffness decreases-aa-tbe. 
bias- voltage increases, which is consistent with the fact that the bias- voltage stabilizes the collective excitations. E2l'E3~EII 



V. SUMMARY 



We have considered the effect of interlayer bias- voltage on bilayer quantum Hall systems at total filling factor = 1 
using the Hartree-Fock mean-field theory and we have used the auxiliary field functional integral approach to study 
the collective excitations around the mean- field. 

Our stability analysis of the mean-field state predicts that bilayer quantum Hall systems can be driven from 
compressible to incompressible coherent states by the application of a bias voltage. This is the central result of the 
present work. We remind the reader that we consider equilibrium states with nonzero charge-imbalance but zero 
interlayer current; in other words, there is no electrochemical potential difference between the two layers, although 
there is an applied electrical potential difference A„. The experimental verification (or falsification) of this phase- 
transition seems feasible; indeed we hope that the results presented here will provide further motivation for experiments 
which explore the phase-diagram of a bilayer system in the parameter space (c?. Ay, At). In our microscopic theory, the 
coherent state is stabilized by the interlayer correlations it establishes which yield an interlayer exchange energy. The 
formation of an incompressible state weakens correlations within each layer, compared to the case of isolated layers. 
The competition between coherent and incoherent states is therefore one between interlayer and intralayer correlation 
energies. Our finding that at fixed layer separation a bias voltage favors coherent states reflects the lesser importance 
of intralayer correlations when the filling factor within that layer moves to either side of i/ = 1/2. Verification of 
this prediction would add to earlier experimental evidence that supports the quantitative reliability of weak coupling 
considerations in describing coherent bilayer systems. 

In bilayer systems, the effect of quantum fluctuations on the mean-field ground state can be tuned over a large 
range by simply changing the ratio of layer separation and typical inter-particle spacing. We have presented simple 
analytical expressions for the renormalized charge-imbalance, Eq.(4.6), and the bias-dependent pseudospin-stiffness, 
Eq.(4.15), which take into account the effect of these collective quantum fluctuations around the Hartree-Fock state. 
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These expressions reflect the rapidly increasing strength of collective fluctuations near the critical layer separation 
dcr and subsequently show a strong suppression of the charge-imbalance and the pseudospin-stifFness near the phase- 
boundary. Our analysis predicts that the interlayer capacitance is strongly renormalized from its mean-field value at 
layer separations d ~ I. In the present treatment we have restricted ourselves to Gaussian fluctuations, or equivalently, 
non-interacting collective excitations. Although our treatment of fluctuations is not necessarily accurate in the critical 
region close to the phase-boundary, we expect the results to be qualitatively similar. 

In this paper, on several occasions, we have restricted ourselves to zero interlayer tunneling amplitude. It is 
straightforward to extend the analysis to finite tunneling amplitude. For example, we have presented spiral states are 
metastable solutions of the Hartree-Fock equations when the interlayer tunneling amplitude is zero. These spiral states 
are also realized as mean-field ground states in bilayer systems with nonzero tunneling amplitude in the presence of an 
in-plane magnetic field | The analysis presented here remains valid when the quasiparticlc gaps and collective-mode 
spectra are evaluated in the presence of interlayer tunneling. 

In the present analysis we have assumed, implicitly, that the steady-state filling factors vt and vb do not correspond 
to quantum Hall states for isolated layers. If the filling factors correspond to such fractions e. g. vt = 1/3 and 
— 2/3, at large layer separations, the compressible phase suggested by softening of pseudospin-waves will be 
usurped by the vt = 1/3 and vb = 2/3 states which are strongly correlated within each layer. 
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FIG. 1. The dimensionless charge-imbalance and the quasiparticle gap Aqp in the mean-field theory approximation. The 
layer separation is d/l = 1. Note that at At = the quasiparticle gap is independent of the bias-voltage for A„ < Ave- The 
mean-field charge-imbalance decreases and the quasiparticle gap increases with tunneling amplitude Af. 
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a quadratic dispersion. When At 7^ 0, the pseudospin waves are gapped at zero wave-vector. The non-monotonic behavior of 
the dispersion arises from competing Hartree and exchange fiuctuations which lead to the softening of pseudospin-waves near 
pi ~ 1 for sufficiently large d. 
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FIG. 3. Phase-boundary between the compressible and the f = 1 quantum Hall state in the (d, A^) plane. This phase-diagram 
predicts that as the interlayer bias-voltage is increased, incompressible states with (spontaneous) interlayer phase-coherence 
survive to larger layer separations. 




FIG. 4. Renormalized charge- imbalance rriz for various layer separations at At = 0. The mean-field result is mf^ — A^/A„c. 
The absence of renormalization at At, — and at A„ = A„c is expected from symmetry considerations. As d ^ d^r, the 
collective fiuctuations soften at a finite wave-vector leading to a substantial renormalization of the interlayer capacitance 
= 87vl^dm,/dAy. 
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FIG. 5. Mean-field (solid lines) and renormalized (dotted lines) pseudospin-stiffness pa{Av). The interlayer tunneling am- 
plitude At = 0. For d/l < 1 the pseudospin-stiffness is enhanced by collective fluctuations. When the layer separation is 
large, d/l > 1, the stiffness is substantially renormalized at small bias-voltage; large bias-voltage stabilizes the collective mode 
and consequently leads to small renormalization of pseudospin stiffness. The intercepts on i/raixis for various layer separations 
reproduce results for a balanced bilayer system with spontaneous interlayer phase-coherenceJi3 
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